Abstract: Nonparametric empirical Bayes methods provide a flexible and attractive approach to high-dimensional data analysis. One particularly elegant empirical Bayes methodology, involving the Kiefer-Wolfowitz nonparametric maximum likelihood estimator (NPMLE) for mixture models, has been known for decades. However, implementation and theoretical analysis of the Kiefer-Wolfowitz NPMLE are notoriously difficult. A fast algorithm was recently proposed that makes NPMLE-based procedures feasible for use in large-scale problems, but the algorithm calculates only an approximation to the NPMLE. In this paper we make two contributions. First, we provide upper bounds on the convergence rate of the approximate NPMLE's statistical error, which have the same order as the best known bounds for the true NPMLE. This suggests that the approximate NPMLE is just as effective as the true NPMLE for statistical applications. Second, we illustrate the promise of NPMLE procedures in a high-dimensional binary classification problem. We propose a new procedure and show that it vastly outperforms existing methods in experiments with simulated data. In real data analyses involving cancer survival and gene expression data, we show that it is very competitive with several recently proposed methods for regularized linear discriminant analysis, another popular approach to high-dimensional classification.
Introduction
Nonparametric empirical Bayes methods offer an attractive approach to analyzing highdimensional data. The main idea is to treat the unknown high-dimensional parameters as if they were random draws from some common distribution and to estimate the distribution nonparametrically from the data. This estimate is then used as the prior in a full Bayesian analysis. Importantly, these methods often perform effectively, even if the high-dimensional parameters are in fact nonrandom. For example, theoretical and empirical work show that nonparametric empirical Bayes methods perform extremely well when used to estimate the mean of a high-dimensional Gaussian random vector in the frequentist setting [1] [2] [3] [4] [5] [6] . One of the keys to understanding these results lies in the close relationship between empirical Bayes methods and the solutions to compound decision problems [1] . More broadly, many of the attractive properties of nonparametric empirical Bayes methods may be viewed as generalizing those of the well-known James-Stein estimator [7] .
One particularly elegant nonparametric empirical Bayes methodology involves the KieferWolfowitz nonparametric maximum likelihood estimator (NPMLE) for nonparametric mixture models [8] . The NPMLE approach to nonparametric empirical Bayes is the focus of this paper; however, other approaches exist, such as those found in [4, 9] , which involve nonparametric smoothing. Suppose that the data consist of observations X 1 , ..., X N ∈ R and that X j = µ j + Z j (1 ≤ j ≤ N ), where Z 1 , ..., Z N ∼ N (0, 1) and µ 1 , ..., µ N ∼ F 0 are all independent, and F 0 is some unknown distribution. Let φ denote the standard normal density and let F denote the class of all probability distributions on R. The NPMLE estimator for F 0 iŝ F = arg min
One advantage to procedures based on the NPMLE is that there are no tuning parameters; by contrast, careful tuning is typically required for nonparametric smoothing methods. On the other hand, computation and theoretical analysis of the Kiefer-Wolfowitz NPMLE are notoriously difficult (see, for example, Chapter 33 of [10] ).
Recently, Koenker and Mizera [11] proposed a new, scalable method for approximately solving (1) . Their algorithm is based on the observation that (1) is a (infinite-dimensional) convex optimization problem. On the other hand, most previous approaches to solving (1) emulate more standard procedures for fitting finite mixture models, i.e. the EM-algorithm [5, 12] , which converge very slowly in the NPMLE setting. In [11] , Koenker and Mizera illustrate the superior empirical performance of their methods through extensive numerical results. However, they provide no theoretical justification for their estimator, which is only an approximation to the true NPMLE,F .
In this paper we make two contributions. First, we derive an upper bound on the rate of convergence of Koenker and Mizera's approximate NPMLE to F 0 . This upper bound has the same order as the best known bounds forF , provides stronger theoretical support for Koenker and Mizera's work, and suggests that from a statistical perspective, Koenker and Mizera's approximate NPMLE may be just as effective asF . Second, we illustrate the promise of NPMLE procedures in a novel application to high-dimensional binary classification problems. We fit two NPMLEs,F 0 andF 1 , based on the training data for each group -X j is taken to be the mean value of the j-th feature for each group -and then implement the Bayes classifier based on these distribution estimates. We show that this rule vastly outperforms existing methods in experiments with simulated data, where discriminant-based classification rules have been previously advocated. In real data analyses, where gene expression microarray data is used to classify cancer patients, we show that the proposed method is very competitive with several recently proposed methods for regularized linear discriminant analysis.
The rest of the paper proceeds as follows. In Section 2, we discuss Koenker and Mizera's approximate NPMLE, which is the solution to a finite-dimensional convex optimization problem. Theoretical results for the approximate NPMLE are presented in Section 3. The application of NPMLEs to high-dimensional binary classification is discussed in Section 4. In Section 5 we present the results of numerical experiments with simulated data involving the proposed classification rule. Section 6 contains the results of several real data analyses involving microrarray data. In Section 7 we discuss some issues related to the analysis of correlated data. A concluding discussion may be found in Section 8. Proofs, more detailed simulation results, and implementations of strategies for handling correlated data are contained in the Supplementary Material.
Approximate NPMLE via convex optimization
Lindsay [13] showed that the NPMLE,F , exists and is a discrete measure supported on at most N points in the interval [X (1) , X (N ) ], where X (1) = min{X 1 , ..., X N } and X (N ) = max{X 1 , ..., X N }. Thus, solving (1) is equivalent to fitting a finite mixture model with N components. However, it is noteworthy that if we restrict our attention in (1) to distributions F that are supported on at most N points, i.e. if we attempt to findF by fitting a finite mixture model with N components, then the problem is no longer convex [in contrast, recall from Section 1 that the unrestricted problem (1) is convex].
Koenker and Mizera, on the other hand, propose a different type of restriction on F . For positive integers K, defineF K to be the class of probability distributions supported on the K + 1 equally spaced points
. Notice thatF K is a random collection of probability distributions, because the atoms µ 0 , ..., µ K are determined by the data X 1 , ..., X N . Koenker and Mizera's approximate NPMLE iŝ
However, the key property of Koenker and Mizera's NPMLE is that the optimization problem (2) is a convex K dimensional problem. Moreover,F K can be easily found for N in the 10000s
and K in the 100s using an R package developed by Koenker, REBayes, and standard convex optimization solvers [14, 15] .
Theory for the approximate NPMLE
In general,F K =F . However, it is plausible thatF K →F as K → ∞, and intuitively the accuracy ofF K depends on the parameter K. In [11] , Koenker and Mizera suggest taking K = 300, which works well in their examples, but no theoretical justification is provided.
In this section, we present theoretical results which suggest that if K ≈ √ N , thenF K is just as accurate asF for estimating F 0 . Thus, one might expect that Koenker and Mizera's recommendation for K = 300 may be reasonable for N up to ≈ 90000. Before proceeding, we introduce some additional notation.
For x ∈ R, define the convolution densities corresponding to F 0 ,F ,F K ,
respectively. Additionally, for densities p, q on R (with respect to Lebesgue measure), define their Hellinger distance
We measure the distance betweenF K and F 0 by the Hellinger distance between the convolution densities, ||p
0 || 2 . This is somewhat common in the analysis of nonparametric mixture models [16] . Moreover, we note that applications commonly depend onF orF K only through the corresponding convolutionp orp K [2, 4, 5, 9] , which further suggests that the Hellinger metric for convolutions is reasonable.
Lastly, before stating our main result, if {R N } is a sequence of random variables and {a N } is a sequence of real number, then the notation R N = O P (a N ) means that the sequence {R N /a N } is bounded in probability. Theorem 1. Suppose that F 0 has compact support. Then
where N 1/2 is the greatest integer less than or equal to N 1/2 .
Theorem 1 is proved in Section S3 of the Supplementary Material. It implies that, in the Hellinger metric for convolutions,F N 1/2 converges to F 0 at rate N 1/2 / log(N ) in probability; this is very nearly the standard parametric rate N 1/2 . In [16] , Ghosal and Van der Vaart proved convergence results for the NPMLE,F . Theorem 4.1 of [16] implies that under the conditions of our Theorem 1,
Observe that the upper bounds in (12) and (4) are the same. The results by Ghosal and Van der Vaart are, to our knowledge, the best upper bounds on the convergence rate ofF in the Hellinger metric for convolutions. To our knowledge, there are no specialized lower bounds on the convergence rate ofF . However, given that the gap between the upper bounds (12)- (4) and the parametric rate N 1/2 is only a factor of log(N ), it seems reasonable to conclude that the statistical properties ofF N 1/2 andF are nearly indistinguishable.
High-dimensional binary classification using NPMLE
Because of their computational convenience, Koenker and Mizera's methods may be used in much broader settings (e.g. larger datasets) than previously possible for NPMLE-based methods. Moreover, our results in Section 3 provide statistical justification for their use. Here we illustrate the promise of these methods with a novel application to high-dimensional binary classification.
Setting
Consider a training dataset with n observations, where Y i ∈ {0, 1} denotes the group membership of the i-th observation and X i = (X i1 , . . . , X iN ) ∈ R N is an associated feature vector (1 ≤ i ≤ n). Our objective is to use the dataset D = {(Y i , X i ); i = 1, . . . , n}, to build a classifier δ : R N → {0, 1} that can accurately predict the group membership Y new of a subsequent observation, based only on the corresponding feature measurements
In the high-dimensional problems we consider here, N is much larger than n, e.g. N ≈ 10000, n ≈ 50.
Assume that the ( 
minimizes R(δ) and thus is the optimal classifier [17] . In practice, the densities g 0 , g 1 (and the probability π) are unknown, and the Bayes rule cannot be implemented. Instead, a classification ruleδ must be constructed from the training data D; oftenδ is constructed to mimic δ B .
Linear discriminant methods
Classifiers based on Fisher's linear discriminant analysis [18] are currently widely used. A motivating assumption for linear discriminant analysis is that the data are Gaussian; in particular,
In this setting, Fisher's linear discriminant rule is the optimal classifier (5) and takes the form
where ∆ = µ 1 − µ 0 and µ = (µ 1 + µ 0 )/2. In practice, µ 0 , µ 1 , and Σ are typically estimated from the training data, are these estimates are used in place of the corresponding quantities in δ F to obtain an approximation to the Fisher rule. In high-dimensional problems, where N is large compared to n, some type of regularization is required to effectively estimate these parameters, in order to avoid overfitting and excessive noise in the data. Many regularized Fisher discriminant rules have been proposed, e.g. [9, [19] [20] [21] [22] . Other methods related to linear discriminant analysis borrow techniques from robust statistics (in addition to using regularization), in order to better handle non-Gaussian data, e.g. CODA by Han et al. [23] .
One challenge for many regularized linear discriminant methods is that they require carefully choosing a regularization parameter, which is often done using time-consuming crossvalidation. Another potential issue lies in the use of regularization itself. Regularization is closely connected with Bayesian methods and often amounts to (implicitly or explicitly) imposing a prior distribution on the parameters of interest, e.g. µ 0 and µ 1 . However, if µ 0 and µ 1 truly followed some prior distribution (i.e. if they were truly random), then in general δ F would no longer be the Bayes rule and would no longer provide optimal classification. This suggests that it may be productive to pursue alternative an alternative approach.
The empirical Bayes NPMLE method
We propose an empirical Bayes NPMLE method for high-dimensional binary classification. In deriving the NPMLE rule, we proceed under the assumption that
are independent, where F 0 , F 1 are some unknown probability distributions on R. The independence assumptions Cov(X i |Y i = k, µ k ) = I N (k = 0, 1) and those involving the µ k j may be viewed collectively as a type of "naive Bayes" assumption. Naive Bayes methods have been commonly used and advocated in high-dimensional classification problems [24] [25] [26] ; however, it is of interest to investigate the possibility of relaxing these assumptions (this is discussed further in Section 7). Additionally, we emphasize that while the NPMLE rule is derived under the assumption that µ 0 , µ 1 are random, this assumption does not appear to be necessary for it to perform effectively in high dimensions; indeed, see the simulation results in Section 5, where µ 0 , µ 1 are fixed, and the theoretical results on empirical Bayes methods for estimating the mean of a random vector [1] [2] [3] [4] [5] [6] .
To derive the NPMLE classification rule, suppose without loss of generality that the training data D are ordered such that Y 1 , ..., Y n 0 = 0 and Y n 0 +1 , ..., Y n = 1, and let n 1 = n − n 0 . Additionally, letX
Now define the convolution density
it follows that the Bayes rule (5) becomes
rather than the Fisher discriminant rule (6) . Using the dataX and F 1 , respectively, using the approximate NPMLE (2) (with K = N 1/2 , as suggested by Theorem 1); we denote these estimators byF 0 andF 1 . For j = 1, ..., N , k = 0, 1 and x ∈ R, define the estimated convolution density
.
Our new NPMLE-based classifier is therefore defined aŝ
whereπ is an estimate of π. In all of the implementations in this paper, we takeπ = 1/2; as an alternative, it is often reasonable to takeπ = n 1 /n. The NPMLE ruleδ accumulates information across the coordinates of X i and is naturally suited to high-dimensional problems. Roughly speaking, if N is large, thenδ (X) is able to learn more information about the distributions F 0 and F 1 from the data, which increases the likelihood of successful classification. It is important to note that unlike many regularized discriminant rules,δ does not directly perform feature selection. On the other hand, the NPMLE estimatesF 0 ,F 1 provide a wealth of information on which other feature selection methods could be based. For instance, a large value of the posterior mean difference
might be suggestive of an important feature.
Numerical experiments with simulated data
We compared the NPMLE classifierδ to several other methods for high-dimensional binary classification in numerical experiments with simulated data. Each of the alternative methods is a regularized Fisher rule, in the sense of Section 4.2.
The simplest classifier we considered will be referred to as simply the naive Bayes (NB) rule, which replace ∆ in (6) with∆ = (∆ 1 , ...,∆ N ) =X 1 −X 0 ∈ R N and Σ with I N . Theoretical performance of the NB rule in high-dimensions has been studied by [26] and many others.
Perhaps the most direct competitor to the NPMLE classifier is a method proposed by Greenshtein and Park in [9] , which we refer to as GP. In the GP rule, Σ in (6) is replaced with I N and ∆ is replaced with an estimate of the conditional expectation E(∆|D), where the coordinates of ∆, ∆ j = µ 1 j − µ 0 j (j = 1, ..., N ), are assumed to be independent draws from some unknown distribution F . The distribution of F is estimated nonparametrically by kernel smoothing, using the training data D. Two key differences between GP and our NPMLE rule are: (i) our rule aims to approximate the Bayes rule (8) , while GP targets the Fisher rule (6); (ii) our rule uses the Kiefer-Wolfowitz NPMLE to estimate the relevant prior distributions, while GP uses kernel smoothing.
Another method that we considered in the numerical experiments is an independence oracle thresholding classifier. We replace Σ in (6) with I N and the difference vector ∆ witĥ
.., N ) and λ ≥ 0 is chosen to minimize the misclassification rate on the testing data. We refer to this method as the oracle naive Bayes (oracle NB) method. This method shares strong similarities with the FAIR classifier proposed by [20] ; indeed, the oracle NB rule may also be viewed as an oracle version of the FAIR classifier.
We simulated data according to
was taken so that the first m components were equal to ∆m −1/2 and the remaining components were equal to 0, for various values of m and ∆. Observe that the 2 -norm of µ 1 is ||µ 1 || = ∆ and that ∆ = µ 1 − µ 0 = µ 1 . We emphasize that µ 0 , µ 1 were taken to be fixed vectors in these experiments; in particular, this appears to violate the random µ k assumption (7) underlying the NPMLE rule. We considered N = 1000, 10000; m = 10, 100, 500, 1000; and ∆ = 3, 6. For each setting we trained the classifiers using n 1 = 25 observations with Y i = 1 and n 0 = 25 with Y i = 0 (so that n = n 0 + n 1 = 50) and tested them on 400 new observations (200 generated from group 0 and 200 generated from group 1). To measure the performance of each classifier, we calculated its misclassification rate over all 400 test observations. We then averaged the rates over 100 simulations. These simulation settings are similar to those considered by Greenshtein and Park in [9] .
Results are presented in Figure 1 . The NPMLE procedure gives the lowest misclassification rates in nearly all of the settings. When N = 10000 and (m, ∆) = (100, 6), it outperforms all competitors by almost an order of magnitude: it achieves a misclassification error of 0.018, while best error rate of the other classifiers was 0.15, achieved by the oracle NB rule. More complete results may be found in Section S1 of the Supplementary Material. The NPMLE rule's performance seems especially impressive when compared with that of the oracle NB rule and the GP rule. Indeed, one might expect that the settings considered here (independent Gaussian errors) would be favorable to oracle NB, which has access to an oracle specifying the optimal thresholding level. The GP and NPMLE rules both utilize nonparametric empirical Bayes methods; thus, the substantial gains of NPMLE over GP appear noteworthy. These results illustrate the promise of other NPMLE-type methods for related problems in highdimensional data analysis.
Real data analysis
We also compared our NPMLE rule to the competing methods on three benchmark gene expression datasets. The first comes from a study by Golub et al. [27] of classification of leukemia patients into acute lymphoblastic leukemia (ALL) or acute myeloid leukemia (AML) patients, using expression levels of 7129 genes. The training data consist of 27 subjects with ALL and 11 with AML, while the testing data contain 20 subjects with ALL and 14 with AML. The second dataset comes from a study by Gordon et al. [28] of classification of lung cancer patients into malignant pleural mesothelioma (MPM) or adenocarcinoma (ADCA) patients, using expression levels of 12533 genes. The training data consist of 16 subjects with MPM and 16 with ADCA, while the testing data contain 15 subjects with MPM and 134 with ADCA. Finally, the last dataset comes from a study by Shaughnessy et al. [29] of classification of myeloma patients into those surviving for longer or shorter than two years, using the intensity levels of 54675 probesets. This dataset was used in the Microarray Quality Control Phase II project [30] . We averaged the probeset intensities corresponding to the same gene symbol, giving 33326 gene expression levels. The training data contain 288 long-term and 51 shortterm survivors, and the testing data contain 187 long-term and 27 short-term survivors, where long-term survivors lived for more than two years.
We standardized each feature to have sample variance 1. We could not implement the oracle NB because we do no know the true class labels in the testing data. Instead we used the FAIR classifier, proposed by [20] , which like the oracle NB rule is a thresholding-based classifier. We chose the threshold level λ in (10) as in Theorem 4 of [20] , where the authors derived an expression for the misclassification error, derived the threshold that minimizes this error, and then used the training data to estimate this threshold.
The number of misclassification errors in the test data for the various datasets and methods are reported in Table S4 . The NPMLE rule was comparable to the other classifiers in the leukemia and lung cancer datasets. In the myeloma data, it performed similar to NB and FAIR.
Strategies for correlated data
We have so far treated the features as if they were independent, which is unlikely to be true in real applications. While correlation plays an important role in high-dimensional data analysis, there has been a great deal of theoretical and empirical work that suggests that treating the features as independent, even if they are dependent, can be an effective strategy [24] [25] [26] 31] . We conducted additional simulation experiments, described in Section S1 of the Supplementary Material, to study the performance of our NPMLE classification rule on correlated Gaussian data. We found that it still outperformed the NB and GP classifiers; its performance was comparable to that of the oracle NB classifier, as well as that of a recently proposed regularized Fisher rule specifically designed to account for correlation [22] .
On the other hand, understanding appropriate methods for handling correlation is an im-portant and nontrivial objective. Developing comprehensive NPMLE methods for correlated data is beyond the scope of this paper. However, in Section S2 of the Supplementary Material we combined our NPMLE rule with a simple generic method for handling correlation in highdimensional analysis to re-analyze the three gene expression datasets described in Section 6. We screened out highly correlated features, which makes the remaining data appear to be "more independent" and more closely approximates the independence assumptions underlying our NPMLE rule. We found that this simple procedure improved performance in the data analysis. Nevertheless it remains of interest to develop NPMLE procedures that explicitly account for dependence.
Discussion
We believe that the computational convenience of Koenker and Mizera's approximate NPMLE methods will make the use of NPMLE-based methods for nonparametric empirical Bayes far more practical in many applications with high-dimensional data. In this paper, we derived results that provide theoretical support for Koenker and Mizera's methods, and proposed a novel application to high-dimensional binary classification problems, which illustrates the promise of these methods. There are many interesting directions for future research in this area; we mention three below. While Koenker and Mizera's method greatly simplifies calculation of the (approximate) NPMLE, their implementation relies on a generic convex optimization solver. Further gains in computational efficiency may be possible by a more detailed analysis of the optimization problem (2) . Additionally, the location mixture model (1) is only the simplest application of nonparametric maximum likelihood estimation. The REBayes package implements a number of other algorithms that utilize convex optimization, such as a location-scale mixture model where the NPMLE is used to estimate the distribution of the location and scale parameters [14] . It may be of interest to further investigate theoretical, computational, and practical aspects of these and other related algorithms. Finally, we believe that there are a number of ways that the NPMLE classification rule proposed in this paper could potentially be improved. For instance, explicit feature selection could be implemented by thresholding the components of the difference of the posterior mean vectors, as suggested in Section 4.3, and methods for handling dependent features need to be further developed.
Supplementary material S1. Detailed simulation study
S1.1. Classifiers compared
In addition to the NPMLE, oracle NB, GP, and NB rules mentioned in the main paper, we also considered the classifier proposed by Mai, Zou, and Yuan [22] , which we refer to as MZY. This is a regularized Fisher rule that, unlike the methods mentioned above, makes a direct effort to account for correlation between the features. As with the other methods described above, this rule replaces µ with (X 0 +X 1 )/2. However, the vector Σ −1 ∆ ∈ R N in the Fisher classification rule is replaced withβ λ ∈ R N , which solves the following optimization problem:
The parameter λ ≥ 0 is a tuning parameter. In the numerical experiments, we took λ to minimize the misclassification rate on the testing data. Observe that (11) is an instance of the lasso problem [32] , and that the MZY classifier may be viewed as a version of "lassoed"-discriminant analysis; other related methods have been proposed by [21] and [33] . In high dimensions, the MZY procedure is expected to perform well when β = Σ −1 ∆ is sparse, and not necessarily when ∆ itself is sparse; the significance of sparse β has been noted by [22] and others [33, 34] .
S1.2. Simulation settings
In the main paper we took µ 1 = ∆(m −1/2 , ..., m −1/2 , 0, ..., 0) ∈ R N was taken so that the first m components were equal to ∆m −1/2 and the remaining components were equal to 0, for various values of m and ∆. We also let Z 1 , ..., Z n ∼ N (0, I N ). To assess the robustness of our NPMLE classifier we also Z i from other distributions.
Specifically, we simulated heavy-tailed Z i such that √ 3Z i ∼ t 3 followed a t-distribution with 3 degrees of freedom (the √ 3 factor implies that Var(Z i ) = 1). We did not change µ 1 . We also simulated correlated Z i ∼ N (0, Σ), where Σ was either an AR1 correlation matrix, with the jkth entry equal to ρ |j−k| , or an exchangeable matrix, where the diagonal entries were equal to one and the off-diagonal entries were all equal to ρ. In this setting we also took µ 1 = 2/ √ 10(1, 1, 1, 1, 1, 1, 1, −1, −1, −1, 0, ..., 0) ∈ R N , where the first 10 coordinates in µ 1 were as specified and the remaining coordinates were all equal to 0. In the experiments reported here, we considered N = 1000, 10000 and ρ = 0.3, 0.5, 0.7, 0.9.
S1.3. Results
Simulation results for the independent Gaussian errors are reported in the main paper. They are reported again in Figure S1 , with the addition of the performance of the MZY classifier. More detailed numerical results are reported in Table S1 . The NPMLE classification rule outperforms MZY, along with every other methods, sometimes by an order of magnitude.
Results for the independent heavy-tailed errors are given in Figure S2 and Table S2 . Results are more mixed than for the experiments with independent Gaussian errors. When N = 1000, NPMLE remains the top performer in several settings. On the other hand, when N = 10000, the oracle NB and MZY methods appear to be dominant; we note, however, that both of these methods are optimally tuned in these experiments (to minimize the misclassification rate) and this is generally not possible in practice. In the N = 10000 settings, the performance of NPMLE is relatively close to that of GP (slightly outperforming in some instances, and underperforming in others); furthermore, in all but the (m, ∆) = (500, 6) and (10000, 6) settings, the performance of NPMLE is fairly close to that of the optimal procedure.
Results for the correlated Gaussian errors are given in Figure S3 and Table S3 . When Σ has an AR1 structure, our NPMLE rule still outperforms the NB and GP classifiers, though it performs better for smaller ρ. In addition, its performance is comparable to that of the oracle NB and MZY procedures, even though it does not use sparsity or correlation information. On the other hand, when Σ has an exchangeable structure, all of the procedures exhibit similar misclassification rates, with better results for larger ρ and oracle NB having a slight advantage over the other methods.
Table S1
Misclassification rates for data with independent Gaussian errors; " * " indicates smallest error rate for each setting. Average misclassification rates over 100 simulations for independent Gaussian errors. Note the difference in the scale of the y-axes between ∆ 2 = 3 and ∆ 2 = 6. Starred columns (" * ") indicate that the misclassification rate exceeds the indicated value and has been truncated to fit the plots.
S2. Real data analysis with correlation screening
We used the MZY classifier (11) to analyze the real gene expression datasets. Here we selected the tuning parameter λ by three-fold cross-validation refer to as MZY. The results in Table S4 show that while our NPMLE rule still exhibited superior performance in the leukemia and lung datasets, account for correlation between features seemed to be beneficial in the myeloma dataset. In order to see if the NPMLE's performance could be easily improved, we decided to implement it in conjunction with a simple generic method for handling correlation in highdimensional analysis, inspired by [35] and [36] . For this modified classifier, which is referred to as "NPMLE+screening" in Table S4 , we simply discard highly-correlated features from the dataset before applying NPMLE to the remaining features. To explain the screening procedure in more detail, results from [35] imply that if the features are independent, then the maximum absolute correlation between features is approximately 2 log(N )/N . Thus, for each pair of features in the training data with absolute sample correlation greater than 2 log(N )/N , Average misclassification rates over 100 simulations for independent heavy-tailed errors. Note the difference in the scale of the y-axes between ∆ 2 = 3 and ∆ 2 = 6. Starred columns (" * ") indicate that the misclassification rate exceeds the indicated value and has been truncated to fit the plots.
we remove one of them (chosen at random) from the dataset. ( [36] implemented a similar procedure for screening-out correlated predictors in high-dimensional linear models.)
The results for NPMLE+screening appear in the last column of Table S4 . It is noteworthy that NPMLE+screening outperforms NPMLE in each of the analyzed datasets except the lung cancer data, where both classifiers make 1 test error. The correlation screening procedure implemented in NPMLE+screening is surely sub-optimal for handling correlation in general. Still, these results are encouraging, because they suggest that simple and effective approaches to improving the performance of NPMLE in the presence of correlation are available. Further pursuing these ideas is an area of interest for future research.
S3. Proof of Theorem 1
This section contains a proof of Theorem 1 from the main text. The theorem is restated below for ease of reference. Theorem 2. Suppose that F 0 has compact support. Then
Before proceeding to the bulk of the proof, we state and prove the following lemma.
Lemma S1. Suppose that F 0 is supported on the compact interval [a, b] . Fix a positive real number ∆ > 0, and suppose that µ = µ 1 ∈ R satisfies a ≤ µ < a + ∆.
Finally, define the mixture density 
∆, where c a,b ∈ R is a constant depending only on a, b.
Proof of Lemma S1. Define µ 0 = −∞ and let M = max{|a|, |b|}. Observe that 
For any x ∈ R, we additionally have
Furthermore, since φ (|x|) is decreasing when |x| > 1, if |x| > M + 1, then 
Combining (13)- (14) yields
The lemma follows.
Returning to the proof of Theorem 1, we follow techniques very similar to those found in [37] . Assume that the support of F 0 is contained in the closed interval [a, b], for fixed real numbers a < b. Let Z > 0 be a real number and let
be the order statistics for the data X 1 , ..., X N . Define the events
The probability P (B) is easily bounded. Indeed, we have
Clearly,
where Φ is the standard normal CDF. On the other hand,
and, similarly,
We conclude that
and
To prove the theorem, we bound P {A K (Z) ∩ B} and choose K, Z appropriately. We follow the notation from Lemma S1 and, on the event B, consider the (random) distribution function F ∆,µ , where
Kk ,
Thus,
where
and, as in [37] , P * denotes the outer-measure corresponding to P . By Theorem 3.1 of [16] and Theorem 1 of [37] , c 1 and an additional constant c 2 > 0 may be chosen so that if
It remains to bounds P 2 . We have
and our strategy is to bound P 2 using the expression (18) and Markov's inequality. The challenge is that the summands in the right-hand side of (18) are dependent. To remove this dependence, we exploit the fact that the density p ∆,µ depends on {X 1 , ..., X N } only through X (1) , X (N ) . Thus, if we discard elements of the dataset {X 1 , ..., X N } and follow the same procedure for building the density p ∆,µ using the reduced dataset, the resulting density is the same unless X (1) or X (N ) is among the discarded data. More specifically, for j = 1, ..., N , define p (j) ∆,µ to be the density constructed in the same manner as p ∆,µ (x) using the observed data with the j-th observation removed. Then p (j) ∆,µ is independent of X j and p
∆,µ to be the density constructing in the same manner as p ∆,µ (x) using the observed data with the i-th and j-th observations removed.
Before proceeding further, we derive a basic inequality for the likelihood ratio p 0 (x)/p ∆,µ (x) [found in (19) below] that will be used more than once in the sequel. Let M = max{|a|, |b|}.
By Lemma S1 above and Lemma 4.1 of [16] , there are constants c
a,b , c
a,b depending only on a, b, such that on the event B,
whenever c a,b log(N )/K < 1/2. We conclude that if
a,b log(N ) log(K) Now we apply Markov's inequality to P 2 ,
on the event that X 1 , X 2 / ∈ {X (1) , X (N ) }, it follows that 
1 W
2 ; B, (X 1 , X 2 ) = (X (k) , X (l) ) = E W
2 ; B + 2
2 ; B, (X 1 , X 2 ) = (X (k) , X (l) ) + 2
2 ; B, (X 1 , X 2 ) = (X (1) , X (k) )
2 ; B, (X 1 , X 2 ) = (X (k) , X (n) )
2 ; B, (X 1 , X 2 ) = (X (1) , X (n) ) = E W 
2 ; B, (X 1 , X 2 ) = (X (1) , X (k) ) + 2
2 ; B, (X 1 , X 2 ) = (X (1) , X (n) ) .
Now we bound the terms in (23) separately. Let X = E E W
2 I(B c ) G 1,2 ; B 1,2
≤ E E (W
2 ) 2 G Putting everything together, we have
Thus, if (22) holds, then .
Theorem 1 follows.
